We prove that appropriate combinations of superlinearity and sublinearity of f(u) with respect to at zero and infinity guarantee the existence, multiplicity, and nonexistence of positive solutions to boundary value problems for the n-dimensional system ( (u )) + λh(t)f(u) = 0, 0 < t < 1. The vector-valued function is defined by (u ) = (ϕ(u 1 ), . . . , ϕ(u n )), where u = (u 1 , . . . , u n ) and ϕ covers the two important cases ϕ(u ) = u and ϕ(u ) = |u | p−2 u , p > 1. Our methods employ fixed point theorems in a cone.
Introduction
In this paper we consider the existence, multiplicity, and nonexistence of positive solutions for the system (u ) + λh(t)f(u) = 0, 0 < t < 1, ( By a solution u to (1.1)-(1.2) we understand a vector-valued function u ∈ C 1 ([0, 1], R n ) with (u ) ∈ C 1 ((0, 1), R n ), which satisfies (1.1) for t ∈ (0, 1) and one of (1.2). A solution u(t) = (u 1 (t), . . . , u n (t)) is positive if, for each i = 1, . . ., n, u i (t) 0 for all t ∈ (0, 1) and there is at least one nontrivial component of u. In fact, we shall show that such a nontrivial component of u is positive on (0, 1).
When n = 1, (1.1) reduces to the scalar equation
The investigation of the existence of positive solutions of boundary value problems for (1.4) originates from a variety of different areas of applied mathematics and physics and has received growing attention in connection with positive radial solutions of partial differential equations in annular regions. For the classical case where ϕ(u ) = u , several results are available in the literature. Bandle et al. [2] and Lin [11] established the existence of positive solutions of (1.4) with (1.2) (n = 1) under the assumption that f is superlinear, i.e., f 0 = lim u→0 (f (u)/u) = 0 and f ∞ = lim u→∞ (f (u)/u) = ∞.
On the other hand, we [13] obtained the existence of positive solutions of (1.4) with (1.2) (n = 1, ϕ(u ) = u ) under the assumption that f is sublinear, i.e., f 0 = ∞ and f ∞ = 0. For the case ϕ(u ) = |u | p−2 u , p > 1, i.e., the one-dimensional p-Laplacian, we refer to Ben-Naoum and De Coster [3] , Manasevich and Mawhin [12] , Wang [16] , and references therein for some additional details. Related results for scalar equations may also be found in [1, 5, 8] . For the case ϕ(u ) = u and n = 2, Dunninger and Wang [6, 7] obtained existence and multiplicity results.
In recent papers [14, 15] , we introduced a new and general assumption (see A1) on the function ϕ(u ), which covers the two important cases ϕ(u ) = u and ϕ(u ) = |u | p−2 u , p > 1. Under such an assumption, we were able to show that appropriate combinations of superlinearity and sublinearity of f (u) with respect to ϕ at zero and infinity guarantee the existence, multiplicity, and nonexistence of positive solutions of (1.4). Specifically, we proved that results similar to Theorems 1.1 and 1.2 hold for (1.4) with (1.2) (n = 1).
The main purpose of this paper is to extend the above results to the n-dimensional system (1.1). For this purpose, we introduce some new notation in (1.5), f 0 and f ∞ , to characterize superlinearity and sublinearity with respect to ϕ for (1.1). They are natural extensions of f 0 and f ∞ defined above for the scalar equation (1.4) . Based on the new notation, we obtain criteria of determining the number of positive solutions of (1.1)-(1.2). Our main results (Theorems 1.1 and 1.2) clearly exhibit the structure of the set of positive solutions of (1.1)-(1.2). These results are new even for the cases ϕ(u ) = u and ϕ(u ) = |u | p−2 u , p > 1. Our arguments are closely related to those of [13] . In [13] we used a fixed point theorem in a cone due to Krasnoselskii, which is essentially the same as Lemma 2.1.
We make the following assumptions:
(A1) ϕ is an odd, increasing homeomorphism of R onto R and there exist two increasing homeomorphisms ψ 1 and ψ 2 of (0, ∞) onto (0, ∞) such that
In order to state our results we introduce the new notation
Our main results are: 
Preliminaries
The following well-known result of the fixed point index is crucial in our arguments.
Lemma 2.1 [4, 9, 10] . Let E be a Banach space and K a cone in E. For r > 0, define
In order to apply Lemma 2.1 to (1.1)-(1.2), let X be the Banach space
For u ∈ X or R n + , u denotes the norm of u in X or R n + , respectively. Define K to be a cone in X by
. . , n, and
Also, define, for r a positive number, Ω r by
Note that ∂Ω r = {u ∈ K: u = r}.
where σ i = 0 for (1.1), (1.2b) and σ i = 1 for (1.1), (1.2c). For (1.1), (1.2a), σ i ∈ (0, 1) is a solution of the equation
where the map
By virtue of Lemma 2.2, the operator T λ is well defined.
It follows from the continuity of Θ i u(t) that Θ i u(t) = 0 has at least one solution in (0, 1). Moreover, it is not difficult to check that while
If σ 1 i < σ 2 i ∈ (0, 1) are two solutions of Θ i u(t) = 0, we consider
This yields that σ i is a solution of Θ i u(t) = 0. Hence, (2.1) implies
In particular,
Proof. Since ϕ(u ) is nonincreasing and ϕ −1 is increasing, it follows that u is nonincreasing. Hence, for 0 t 0 < t < t 1 1,
from which we have
Considering the above inequality on [0, σ ] and [σ, 1], we obtain
We remark that, according to Lemma 2.3, any nontrivial component of non-negative solutions of (1.1)-(1.2) is positive on (0, 1).
Proof. Let R > 0 and define 
On the other hand, from the pointwise convergence (2.5) we obtain
This is a contradiction to (2.7). Therefore Θ i is continuous. ✷ 
. , n. Again, let α i (τ ) = λh i (τ )f i (u(τ )) and α i m (τ ) = λh i (τ )f i (u m (τ )).
We know that, for all u ∈ K, σ i in (2.1) is 0 or 1 for (1.1), (1.2b) or (1.1), (1.2c), respectively. Clearly, for (1.1), (1.2b) and (1.1), (1.2c), the dominated convergence theorem and the compactness of T λ guarantee that We consider case (ii) in the remaining part of the proof. By Lemma 2.2, it is easy to see that there exist Now it is not difficult to show that (1.1)-(1.2) is equivalent to the fixed point equation
, it follows that
On the other hand, we have by (A1) that 
and in view of Lemma 2.3 and condition (A1), we find that
Now, because of Lemma 2.6, we have
For σ i > 3/4, it is easy to see that
On the other hand, we have
Therefore, similar arguments show that T λ u ψ
Note thatf 
In other words, for any ε > 0, there is δ > 0 such that 
where the constantĈ =
Proof. From the definition of T λ , for u ∈ ∂Ω r , we have
.
. Then (A1) and Lemma 2.6 imply that
The following two lemmas are weak forms of Lemmas 2.7 and 2.9.
. ., n, it is easy to see that this lemma can be shown in a similar manner as in Lemma 2.7. ✷ Lemma 2.11. Assume (A1)-(A4) hold. If u ∈ ∂Ω r , r > 0, then
whereM r = max{f i (u): u ∈ R n + and u r, i = 1, . . . , n} > 0 andĈ is the positive constant defined in Lemma 2.9.
Proof. Since f i (u(t))
M r = ϕ(ϕ −1 (M r )) for t ∈ [0, 1], i = 1, . . . , n, it is easy to see that this lemma can be shown in a similar manner as in Lemma 2.9. r 1 ) ψ 1 (ε)ϕ(r 1 ), i = 1, . . . , n, where the constant ε > 0 satisfies
andĈ is the positive constant defined in Lemma 2.9. We have by Lemma 2.9 that
Now, since f ∞ = ∞, there exists a component f i of f such that f i ∞ = ∞. Therefore, there isĤ > 0 such that
which implies that
It follows from Lemma 2.7 that
By Lemma 2.1, 
